Abstract. We obtain characterizations of left character amenable Banach algebras in terms of the existence of left φ-approximate diagonals and left φ-virtual diagonals. We introduce the left character amenability constant and find this constant for some Banach algebras. For all locally compact groups G, we show that the Fourier-Stieltjes algebra B(G) is C-character amenable with C < 2 if and only if G is compact. We prove that if A is a character amenable, reflexive, commutative Banach algebra, then A ∼ = C n for some n ∈ N. We show that the left character amenability of the double dual of a Banach algebra A implies the left character amenability of A, but the converse statement is not true in general. In fact, we give characterizations of character amenability of L 1 (G) * * and A(G) * * . We show that a natural uniform algebra on a compact space X is character amenable if and only if X is the Choquet boundary of the algebra. We also introduce and study character contractibility of Banach algebras.
1. Introduction. Let A be a Banach algebra over C and φ : A → C a character of A, that is, an algebra homomorphism from A into the field of complex numbers. Let M A φ denote the class of Banach A-bimodules E for which the right module action of A on E is given by x · a = φ(a)x (a ∈ A, x ∈ E). Then A is called left φ-amenable if the first cohomology group H 1 (A, E * ) vanishes for every E ∈ M A φ ; furthermore, A is called left character amenable if it is left φ-amenable for every character φ of A. Similarly, one defines right φ-amenable and right character amenable Banach algebras. If a Banach algebra is both left and right character amenable, it is called character amenable. The concept of (right) φ-amenable Banach algebras was introduced recently by Kaniuth, Lau, and Pym in [23] (see also [24] ). Character amenability was introduced independently by the second named author in [36] . Both of these concepts generalize the earlier concept of left amenability for F -algebras introduced by Lau in [25] . It follows from the definition that left (or right) character amenability is weaker than classical amenability introduced by Johnson in [20] .
In harmonic analysis, the interest in character amenability arises from the fact that for a locally compact group G, the left character amenability of both the group algebra L 1 (G) and the Fourier algebra A(G) is completely determined by the amenability of G (see [36] ).
In this paper, we continue the study of character amenable Banach algebras. The paper is organized as follows. In Section 2, we define left φ-approximate and left φ-virtual diagonals for a Banach algebra A, when φ is a nonzero character of A. In Theorem 2.3, we prove that left φ-amenability is equivalent to the existence of a bounded left φ-approximate diagonal, which in turn is equivalent to the existence of a left φ-virtual diagonal. We also define the left character amenability constant and investigate its relation with the amenability constant and the minimum bound of bounded left φ-approximate diagonals.
In [13] , Ghahramani, Loy, and Willis raised the question of whether amenable reflexive Banach algebras are necessarily finite-dimensional. We prove in Theorem 3.5 that if a commutative Banach algebra is reflexive, then under the weaker assumption of character amenability, the algebra must be finite-dimensional. In Section 3, we also study character amenability of the double dual of a Banach algebra. In Theorem 3.8, we show that if the double dual A * * of a Banach algebra A (equipped with the left Arens product) is left φ-amenable, then so is A, and in particular, the left character amenability of the double dual A * * implies the left character amenability of A. Applying this result to Lipschitz algebras Lip α (X) = lip α (X) * * , we prove that when X is infinite, Lip α (X) is not character amenable. The reader is referred to Kaniuth-Lau-Pym [24, Example 5.3] for the complete answer to the question for which characters φ the algebras Lip α (X) and lip α (X) are φ-amenable. We show that the converse of Theorem 3.8 is not true by showing that L 1 (G) * * is left character amenable if and only if the locally compact group G is finite (Theorem 3.10). The dual version of Theorem 3.10 for the Fourier algebra A(G) is also established (Theorem 3.12).
In Section 4, we study character amenability of the Fourier-Stieltjes algebra B(G). In Theorem 4.2, we show that B(G) is C-character amenable with C < 2 if and only if G is compact. It is interesting to compare this result with [32, Theorem 3.2] , where Runde and Spronk proved that B(G) is C-operator amenable with C < 5 if and only if G is compact. The same example as that considered by Runde and Spronk in [33] demonstrates that there exists a noncompact locally compact group G such that B(G) is 2-character amenable, which shows that the dual version of [36, Corollary 2.5] proved by the second named author on the measure algebra M (G) does not hold in general.
In Section 5, we study character amenability of uniform algebras. In Theorem 5.1, we show that if a unital Banach function algebra A on a compact space X is character amenable, then the Choquet boundary of A must coincide with X. As a corollary, we deduce that a natural unital uniform algebra on X is character amenable if and only if its Choquet boundary coincides with X. It turns out that there are character amenable uniform algebras other than C(X). We do not know any other type of amenability that can single out a uniform algebra other than the commutative C * -algebra C(X).
In Section 6, we study the φ-diagonals and their relation with character contractibility of Banach algebras.
We conclude the current section by recalling some basic terminology. For unexplained terminology and notation we refer the reader to Dales [3] .
Let A be a Banach algebra. We denote by σ(A) the set of all nonzero characters of A. Given φ ∈ σ(A), a left φ-mean is an element Φ in A * * such that Φ(φ) = 1 and Φ·a = φ(a)Φ (a ∈ A). Right φ-means and (two-sided) φ-means are defined similarly. The left and the right Arens products on A * * are denoted by 2 and 3, respectively. These products extend the given product on A to the entire A * * in such a way that for every Φ ∈ A * * , the maps Ψ → Ψ 2Φ and Ψ → Φ 3 Ψ are w * -continuous on A * * . Furthermore, Φ ∈ A * * is called a mixed identity if Φ is a right identity of (A * * , 2) and a left identity of (A * * , 3) .
. Given x ∈ E, the inner derivation δ x : A → E is defined by δ x (a) = a·x−x·a (a ∈ A). Let Z 1 (A, E) denote the set of all continuous derivations and N 1 (A, E) be the set of all inner derivations from A into E. The first cohomology group H 1 (A, E) is defined to be the quotient Z 1 (A, E)/N 1 (A, E). The Banach space dual E * of E has a natural Banach A-bimodule structure given by
We let π : A ⊗ A → A be the bounded linear map determined by a ⊗ b → ab (a, b ∈ A), where ⊗ is the projective tensor product. Note that π ≤ 1. Definition 2.2. Let A be a Banach algebra and φ ∈ σ(A). An element
Theorem 2.3. Let A be a Banach algebra and φ ∈ σ(A). Then the following statements are equivalent:
Proof. The equivalence of (i) and (ii) can be shown as in the case of amenable Banach algebras. We briefly recall the arguments. (ii) implies (i), since any w * -cluster point in (A ⊗ A) * * of a bounded left [right] φ-approximate diagonal for A is a left [right] φ-virtual diagonal for A. Conversely, let M be a left [right] φ-virtual diagonal for A, and let (u α ) be a net in A ⊗ A such that M = w * -lim α u α . Then a routine verification shows that for the net (u α ), Definition 2.1(ii) is satisfied, but the convergence in Definition 2.1(i) holds only in the weak topology on A ⊗ A. Following the argument given in the proof of [3, Lemma 2.9 .64], we can show that there exists a net (m λ ) in A ⊗ A such that each m λ is a convex combination of elements from (u α ), and (m λ ) satisfies both conditions in Definition 2.1.
The equivalence of (iii) and (iv) is shown in [23,
It remains to show that (iii) implies (i). Suppose that A is left φ-amenable. Consider the Banach A-bimodule A ⊗ A with the module actions given by
Consider the quotient Banach
, and let δ M 0 : A → (A ⊗ A) * * be the inner derivation by M 0 . Then the image of δ M 0 is a subset of E * , and hence by our assumption, there exists
The right side version of (iii)⇒(i) can be proved similarly.
Remark 2.4. The proof of the equivalence of (i) and (ii) in Theorem 2.3 shows that a Banach algebra has a left [right] φ-virtual diagonal bounded by a constant C if and only if it has a left [right] φ-approximate diagonal bounded by C. We investigate below a quantitative character amenability of Banach algebras.
Recall that a Banach algebra
Definition 2.6. Let A be a Banach algebra, C > 0 a constant, and φ ∈ σ(A) ∪ {0}. Then, A is called C-left φ-amenable if the following are satisfied:
Similarly, we can define C-right (resp. two-sided) φ-amenability, C-right (resp. two-sided) character amenability, and the right (resp. two-sided) character amenability constant.
It follows from the definition that if A is C-left or C-right φ-amenable for some φ ∈ σ(A) ∪ {0}, then C ≥ 1. We also note that A is C-left 0-amenable if and only if A has a left approximate identity bounded by C, which is true if and only if for all E ∈ M A 0 and D ∈ Z 1 (A, E * ), D = δ g for some g ∈ E * with g ≤ C D (see the proofs of Propositions 1.5 and 1.6 in [20] ). Theorem 2.7. Let A be a Banach algebra, C > 0 be a constant, and ψ ∈ σ(A) ∪ {0}.
(iii) If ψ = 0 and A is C-left φ-amenable for φ ∈ {0, ψ}, then ker ψ has a left approximate identity of bound 2C.
The right side version of (i)-(iii) also holds.
Proof. (i) Let Ψ ∈ A * * with Ψ ≤ C be a left ψ-mean if ψ ∈ σ(A), and a left identity of (A * * , 3) if ψ = 0. Identifying E with its natural image in E * * , we define g = D * * (Ψ )| E . Then a proof similar to that of [23, Theorem 1.1] shows that D = δ g if ψ = 0, and
(ii) If ψ = 0, then, by the paragraph preceding Theorem 2.7, A is C-left (and hence C(1 + 2C)-left) 0-amenable.
Let ψ ∈ σ(A). Then ψ ≥ C −1 . We show below that there exists a left ψ-mean Ψ ∈ A * * such that Ψ ≤ C(1 + 2C). Consider A * being equipped with the usual left A-module action and with the right module action given by f · a = ψ(a)f (a ∈ A, f ∈ A * ). We define E = A * /Cψ. Then E * = (Cψ) • ⊆ A * * . Using the Hahn-Banach theorem, we let Ψ 0 ∈ A * * be such that Ψ 0 (ψ) = 1 and
, is a continuous derivation (though not an inner derivation by Ψ 0 , since Ψ 0 ∈ E * ). By our assumptions, there exists
Finally, we have
(iii) Since (A * * , 3) has a left identity Φ 0 with Φ 0 ≤ C, A has a left approximate identity of bound C. Let Ψ be a left ψ-mean with Ψ ≤ C. Then, as shown in the proof of [23, Proposition 2.2], Ψ 1 = Φ 0 − Ψ is a left identity of ((ker ψ) * * , 3) with Ψ 1 ≤ 2C. Therefore, ker ψ has a left approximate identity of bound 2C.
Remark 2.8. We note that in Theorem 2.7(iii), φ cannot be replaced by ψ. Also, the bound 2C in Theorem 2.7(iii) is the best possible. In fact, in Example 2.10(b) below, we shall show that the Fourier algebra A(G) of an amenable locally compact group G is 1-character amenable. Thus if e ∈ G is the identity element and τ e ∈ σ(A(G)) is the evaluation functional at e, then, by Theorem 2.7(iii), the closed ideal ker τ e has a bounded approximate identity of bound 2. On the other hand, by Delaporte-Derighetti [ Recall that a Banach algebra is C-amenable if it has an approximate diagonal bounded by C (cf. Runde [30] ).
Theorem 2.9. If A is a C-amenable Banach algebra, then A is C-left and C-right character amenable, and C 2 -character amenable.
Proof. Assume that A has an approximate diagonal (m α ) bounded by C. Let M be a w * -cluster point of (m α ) in (A ⊗ A) * * . Then π * * (M ) is a mixed identity of A * * with π * * (M ) ≤ C.
Note that π * (ψ) = ψ ⊗ ψ and (π(m α )) is a bounded approximate identity of A. We have
Since M is a virtual diagonal for A, it follows that a · M = M · a for all a ∈ A. Therefore, for all a ∈ A and λ ∈ A * ,
Hence Ψ is a left ψ-mean with norm bounded by C. Similarly, if we let
It follows from Theorem 2.9 that for an amenable Banach algebra, the left [right] character amenability constant is less than or equal to the amenability constant. We shall see in the following examples that in general, amenability and character amenability constants are not equal.
Examples 2.10. (a) By Theorem 2.9, if
A is an amenable Banach algebra with amenability constant 1, then A has character amenability constant 1 as well. Therefore, all commutative C * -algebras and group algebras L 1 (G) with G amenable have character amenability constant 1.
(b) Let G be a locally compact group, 1 < p < ∞, and A p (G) be the generalized Fourier algebra of G, as introduced by Figà-Talamanca and by Herz. By Herz [18, Theorem 6] , if G is amenable, then A p (G) has a bounded approximate identity of bound 1, and hence A p (G) * * has a mixed identity of norm 1. In [34, Lemma 3.1], it is proved that for each φ ∈ σ(A p (G)), A p (G) * * has a φ-mean of norm 1. Thus, if G is amenable, then A p (G) has character amenability constant 1. In particular, taking p = 2, we deduce that the Fourier algebra A(G) has character amenability constant 1 if G is amenable.
In [27, Theorem 4.9], Lau, Loy, and Willis showed that for certain finite groups G of order 2 2n+1 , the amenability constant of A(G) is greater than 2 [n/2] . Thus, the difference between the amenability constant and the character amenability constant can be as large as we like. Furthermore, it is known that there are compact groups G such that A(G) is not amenable (see Johnson [21] ). Therefore, there are Banach algebras A such that A is not amenable while the character amenability constant of A remains minimal (= 1).
(c) The Banach algebra B(H) of all continuous linear operators on a separable Hilbert space H with dim H ≥ 2 is unital such that σ(B(H)) = ∅. Hence B(H) is 1-character amenable.
(d) It is easy to find Banach algebras with large character amenability constants. In fact, l 1 n with pointwise multiplication has character amenability constant n.
Theorem 2.11. Let A be a Banach algebra. Let C ≥ 1 and let (A α ) be a net of closed , C-left [right] character amenable subalgebras of A such that
, and we must have ψ α = 0 for all α large enough. For each α with ψ α = 0, let Ψ α ∈ A * * α be a left ψ α -mean with Ψ α ≤ C. Let Ψ ∈ A * * be a w * -cluster point of (Ψ α ). Without loss of generality, we may assume that w * -lim α Ψ α = Ψ . Then it is easy to verify that Ψ is a left ψ-mean with Ψ ≤ C. The verification that (A * * , 3) has a left identity with norm bounded by C is routine.
The Banach algebra l 2 (with pointwise product) does not have a bounded (left) approximate identity and hence is not (left) character amenable. However, for each n ≥ 1, l 2 n is a √ n-character amenable subalgebra of l 2 , and the family (l 2 n ) satisfies conditions (i) and (ii) in Theorem 2.11. It follows that in this theorem, one cannot relax the condition of C-left character amenability (for a fixed C) on the family (A α ), even if one only wants to have the character amenability of A.
The proof of the following lemma is routine and is omitted.
Lemma 2.12. Let A and B be Banach algebras.
amenable if and only if both
The following corollary is a consequence of Theorem 2.11 and Lemma 2.12. To close this section, we consider the relation between the left character amenability constant and the minimum bound for left approximate (or virtual) diagonals. For a given Banach algebra A with σ(A) = ∅, we define C v = inf{C : ∀φ ∈ σ(A), ∃ a left φ-virtual diagonal with norm ≤ C}; C a = inf{C : ∀φ ∈ σ(A), ∃ a left φ-approximate diagonal with norm ≤ C}; C m = inf{C : ∀φ ∈ σ(A), ∃ a left φ-mean with norm ≤ C}.
It follows from Remark 2.4 that
Theorem 2.14. If A is a C-left character amenable Banach algebra and
Proof. Let (e α ) α∈I be a bounded left approximate identity of A with e α ≤ C. Then (e α ⊗ e β ) (α,β)∈I×I is a bounded left approximate identity of A ⊗ A bounded by C 2 . Given φ ∈ σ(A), we have φ ⊗ φ ≥ 1/C 2 . To obtain a left φ-virtual diagonal for A with norm bounded by C 2 (2C + 1), we argue as in the proof of (iii)⇒(i) in Theorem 2.3. Keeping the same notation and using the Hahn-Banach theorem, we choose M 0 ∈ (A ⊗ A) * * such that M 0 (φ ⊗ φ) = 1 and M 0 = φ ⊗ φ −1 ≤ C 2 . Our assumption together with Theorem 2.7(i) then implies that there exists M 1 ∈ E * with δ M 0 = δ M 1 and
3. Character amenability of double duals. Let A be a Banach algebra. In this section, we study the relation between character amenability of A and that of its double dual A * * . We start with a few preliminary results regarding ideals in A.
Recall that a subspace E of A is called weakly left
For convenience, we collect two known lemmas below. The first lemma is due to Forrest (see [9, Proposition 6.4 
]).
Lemma 3.1. Let A be a Banach algebra and let I be a closed right ideal in A.
(i) If I has a bounded left approximate identity, then I is weakly left invariantly complemented in A.
(ii) If A has a bounded left approximate identity and I is weakly left invariantly complemented in A, then I has a bounded left approximate identity.
The corresponding assertions hold if the words "left" and "right" are interchanged in the above statements.
Lemma 3.2. Let A be a left character amenable Banach algebra and let I be a closed ideal in A. Then the following statements are equivalent:
(i) I has a bounded left approximate identity.
(ii) I is weakly left invariantly complemented in A.
(iii) I is left character amenable.
The right side version of the lemma is also true.
Proof. The equivalence of (i) and (ii) follows from Lemma 3.1. And the equivalence of (i) and (iii) is proved in [36, Theorem 2.6(ii)].
Lemma 3.3. If A is a character amenable commutative Banach algebra, then every closed ideal of finite codimension in A is character amenable.
Proof. Let I be an ideal in A with dim(A/I) = n. There exists a chain of ideals
such that each I i−1 is a closed ideal in I i and dim(I i /I i−1 ) = 1 for i = 1, . . . , n. Since I n−1 is an ideal in A of codimension 1, it can be easily verified that either I n−1 is a modular ideal and hence I n−1 = ker φ for some φ ∈ σ(A), or A 2 ⊆ I n−1 (cf. In [13] , Ghahramani, Loy, and Willis showed that an amenable Banach algebra which is a Hilbert space is finite-dimensional. They asked whether this result holds for reflexive Banach algebras. In our next result, we consider a related question in the commutative case, under the weaker assumption of character amenability.
We recall that a modular annihilator algebra is a semiprime algebra in which every maximal modular left ideal has a nonzero right annihilator (cf. Palmer [28, Definition 8.4.6] ). Theorem 3.5. Let A be a character amenable, reflexive, commutative Banach algebra. Then A ∼ = C n for some n ∈ N.
Proof. Since A has a bounded approximate identity and is reflexive, it has an identity 1 A . We shall show that A is a semisimple modular annihilator algebra, and hence is finite-dimensional by [28, Theorem 8.4.14] . Then A is isomorphic to C n by Wedderburn's structure theorem.
Let M be a maximal ideal in A. Then M = ker φ for some φ ∈ σ(A), and therefore M has a bounded approximate identity since A is character amenable (see [36, Corollary 2.7] ). Since M is reflexive, M has an identity 1 M . It follows that 1 A − 1 M is a nonzero annihilator of M .
Note that A/rad A is a commutative, unital, semisimple, reflexive Banach algebra which is character amenable. Our argument in the previous paragraph shows that A/rad A must be a semisimple modular annihilator algebra and hence must be finite-dimensional. Thus rad A is of finite codimension in A. By Lemma 3.3, rad A is character amenable and hence must be unital, since it is reflexive. This implies that rad A = {0}. We have shown that A is a unital, semisimple modular annihilator algebra, completing the proof of the theorem.
Let φ M A denote the class of Banach A-bimodules E for which the left module action of A on E is given by a · x = φ(a)x (a ∈ A, x ∈ E). Replacing the class of Banach A-bimodules by φ M A , we have the following analogue of a result of Gourdeau [14] on amenable Banach algebras (cf. Dales [3, Proposition 2.8.59(i)]). Lemma 3.6. Let A be a Banach algebra and φ ∈ σ(A) ∪ {0}. Then the following statements are equivalent:
Note that E ∈ φ M A (resp. E ∈ M A φ ) if and only if E * ∈ M A φ (resp. E * ∈ φ M A ). The arguments used in the proof for the classical case can be applied here so that we omit the details (cf. [3, Proposition 2.8.59]).
Remark 3.7. We would like to point out the following fact related to Lemma 3.6(iii). If A is C-left character amenable, then it can be seen that the net (x α ) determining a derivation D : A → E as in Lemma 3.6(iii) satisfies x α ≤ C D . On the other hand, if A is a C-amenable unital Banach algebra with an approximate diagonal (t i ) bounded by C, then, as noted by Johnson [21, p. 361] , there exists a constant N such that for any A-bimodule E and any continuous derivation D : A → E, the net (x α ) in E determining D satisfies x α ≤ N D ; however, N is related to the bound of the net (1 ⊗ 1 − t i ).
The amenable version of the result below on Banach algebras has been proved by Gourdeau [15] , and by Ghahramani, Loy, and Willis [13] . In view of Lemma 3.6, the proof for the amenable case carries over without difficulty.
Let 0 < α < 1 and X be a compact metric space. Consider the Lipschitz algebra Lip α (X) and its closed subalgebra lip α (X) (cf. Dales [3] ). If X is a finite space, then lip α (X) = Lip α (X) is semisimple and finite-dimensional, and hence is amenable. However, if X is infinite and x 0 ∈ X is not an isolated point of X, then by [3, Theorem 4.4.30(iv)], M x 0 = {f ∈ lip α (X): f (x 0 ) = 0} does not have any bounded approximate identity, and hence by Lemma 3.3, lip α (X) is not character amenable. Since lip α (X) * * = Lip α (X), as an application of Theorem 3.8, we see that Lip α (X) is not character amenable when X is infinite.
We point out that the question for which characters φ the algebras Lip α (X) and lip α (X) are φ-amenable has been clarified in [24] . Kaniuth, Lau, and Pym [24, Example 5.3] showed that for 0 < α ≤ 1, Lip α (X) is φ x -amenable if and only if x is an isolated point of X, and this equivalence holds for lip α (X) with 0 < α < 1, where x → φ x is the canonical homeomorphism between X and σ(Lip α (X)) (resp. σ(lip α (X))). See [24, Example 5.3] for details on these facts.
We recall that if A is a Banach algebra, then a closed A-submodule X of A * is called left introverted if Φ 2 λ ∈ X for all Φ ∈ A * * and λ ∈ X. In this case, X * is a Banach algebra with the multiplication induced by the left Arens product 2 on A * * .
The following theorem is analogous to Lau-Loy [26, Corollary 4.4] on weak amenability of X * , where X is a left introverted subspace of L ∞ (G) of a locally compact abelian group G. Inspired by the proof given by Lau and Loy, we show the character amenability version for the class of maximally almost periodic groups (MAP-groups). It is known that the class of MAPgroups contains compact groups, finite extensions of abelian groups, free groups, and the discrete Heisenberg group. It is also known that a direct product of two MAP-groups is MAP, and for almost connected groups, MAP = SIN (groups with small invariant neighborhoods). See Palmer [29] for more information on MAP-groups. Theorem 3.9. Let G be a maximally almost periodic locally compact group. Let X be a left introverted subspace of L ∞ (G) containing AP(G) (the space of almost periodic functions on G). Then X * is left character amenable if and only if G is finite.
Proof. If G is finite, then G is amenable, X = L ∞ (G), and hence X * = L ∞ (G) * = L 1 (G) is left character amenable (see [36, Corollary 2.4 
Conversely, suppose that X * is left character amenable. Then AP(G) * is also left character amenable, since the restriction map X * → AP(G) * , Φ → Φ AP(G) , is a continuous surjective homomorphism. Since AP(G) ∼ = C(bG), where bG is the Bohr compactification of G, it follows that M (bG) ∼ = AP(G) * is left character amenable. By [36, Corollary 2.5], bG must be discrete, and hence bG is finite. Since for a maximally almost periodic group G, the canonical homomorphism from G into bG is injective, it follows that G is finite.
Examples of left introverted subspaces of L ∞ (G) containing AP(G) include AP(G), WAP(G) (weakly almost periodic functions on G), LU C(G) (bounded left uniformly continuous functions on G), and of course L ∞ (G).
The condition AP(G) ⊆ X is essential in order to conclude that G is finite. For example, if G is noncompact and X = C 0 (G) (in which case X ∩ AP(G) = {0}), then X * = M (G) is character amenable if and only if G is discrete and amenable.
As proved in [36, Corollary 2.4], the character amenability of L 1 (G) and the character amenability of A(G) are each equivalent to the amenability of G. We show below that for all locally compact groups G, the character amenability of L 1 (G) * * and the character amenability of A(G) * * are each equivalent to the finiteness of G. As a consequence, we see that in general the converse of Theorem 3.8 is not true.
The following result is the character amenable version of GhahramaniLoy-Willis [13, Theorem 1.3] for the locally compact group case, which shows that (L 1 (G) * * , 2) is amenable if and only if G is finite.
Theorem 3.10. Let G be a locally compact group. Then (L 1 (G) * * , 2) is character amenable if and only if G is finite.
Proof. We need to prove the necessity part of the theorem. Suppose that L 1 (G) * * is character amenable. Then L 1 (G) * * does not have any nonzero continuous point derivation corresponding to any character φ ∈ σ(L 1 (G) * * ). It follows from [4, Theorem 11.17] that G is finite.
Lemma 3.11. Let A be a Banach algebra such that (A * * , 2) has a bounded left approximate identity. Then A * = A * · A (the closed linear span of A * · A).
Proof. Suppose that (A * * , 2) has a bounded left approximate identity. Then (A * * , 2) has a left identity E. Let (a α ) be a net in A such that a α → E in the w * -topology on A * * . Let f ∈ A * . Then, f ·a α → f weakly in A * . Thus, f ∈ A * · A . Therefore, A * = A * · A .
In [17] , Granirer proved that for all locally compact groups G, (A(G) * * , 2) is amenable if and only if G is finite. We now show the character amenable version of this result by Granirer.
Theorem 3.12. Let G be a locally compact group. Then (A(G) * * , 2) is character amenable if and only if G is finite.
Proof. We only have to prove the necessity part. Suppose that A(G) * * is character amenable. By Lemma 3.
11, VN(G) = VN(G) · A(G) = UC( G), where UC( G) is the space of all uniformly continuous functionals on A(G).
By [16, Theorem 3] , G must be compact. We show below that G is discrete and hence G is finite.
Let H be a closed abelian subgroup of G. Then the restriction map r : A(G) → A(H) is a surjective norm decreasing homomorphism (see [18] ) and so is its second adjoint r * * : A(G) * * → A(H) * * . By [36, Theorem 2.6(i)], A(H) * * is character amenable. However, A(H) * * ∼ = L 1 ( H) * * , where H is the dual group of H. By Theorem 3.10, H is finite, so that H is also finite.
From the proof of [10, Theorem 3.2], one can see that G is totally disconnected. The argument given in [10] is as follows. Let G 0 be the connected component of e. Since G is periodic, G 0 and any homomorphic image of G 0 are also periodic. For any neighborhood U of e in G 0 , there exists a compact normal subgroup N of G 0 such that N ⊆ U and G 0 /N is a periodic connected Lie group. Thus, G 0 /N is trivial. This is true for all neighborhoods U of e in G 0 . Therefore, G 0 is trivial.
Finally, we follow the proof of [26, Lemma 6.5] as given below to conclude that G is discrete. Let H be a compact open subgroup of G; by [19, Theorem 7.7] , such H exist in any open neighborhood of e in G. If H is infinite, then H would contain an infinite abelian subgroup by [39, Theorem 2] , which is impossible. Therefore, H is a finite open subgroup of G and hence G is discrete.
4. Character amenability of Fourier-Stieltjes algebras. Let G be a locally compact group. The Fourier-Stieltjes algebra B(G) of G introduced by Eymard [8] is the collection of all coefficient functions of continuous unitary representations of G. The set B(G) can be identified with the dual space of the group C * -algebra C * (G). With the norm defined by this duality and the pointwise multiplication, B(G) is a Banach algebra containing A(G) as a closed ideal. We have B(G) = A(G) if and only if G is compact. The dual of B(G) is the enveloping von Neumann algebra of C * (G), and is denoted by W * (G). For more information on B(G) and W * (G), the reader is referred to [7, 8, 38] .
If G is an abelian group and G is its dual group, it follows from Bochner's theorem that B(G) is isometrically algebra isomorphic to the measure algebra M ( G) of G via the Fourier-Stieltjes transform. The second-named author proved in [36, Corollary 2.5] that for all locally compact groups G, M (G) is (1-)left character amenable if and only if G is discrete and amenable. A natural question is whether the dual version of this equivalence holds, that is, whether the compactness of G is necessary to ensure the character amenability of B(G).
In [32, 33] , Runde and Spronk studied the operator amenability of B(G). They proved that B(G) is C-operator amenable with C < 5 if and only if G is compact (see [32, Theorem 3.2] ). In [33] , they further showed that the upper bound 5 for the constant C cannot be improved. More precisely, they considered the following Fourier-Stieltjes algebra. Let n ≥ 1 be an integer, p a prime number, Q p the field of p-adic numbers, and Z p the ring of p-adic integers. Then the semidirect product G p,n = Q n p GL(n, Z p ) (with the group action given by (v, T )(v , T ) = (v + T v , T T )) is a noncompact amenable locally compact group. Let q : G p,n → G n,p /Q n p ∼ = GL(n, Z p ) be the quotient map, and let
Runde and Spronk showed that
and B(G p,n ) is operator amenable with operator amenability constant 5 (see [33, (3)], the map u → u • q is an isometric algebra isomorphism between B(GL(n, Z p )) and its image B(GL(n, Z p )) • q. Thus, A(GL(n, Z p )) is isomorphic to A(GL(n, Z p )) • q. Since both GL(n, Z p ) and G p,n are amenable groups, it follows from Example 2.10(b) and Lemma 2.12(iii) that B(G p,n ) is 2-character amenable. This example shows that B(G) can be character amenable when G is noncompact. Therefore, we do not have the dual version of the result on the character amenability of M (G).
Our objective in this section is to show that B(G) is C-character amenable with C < 2 if and only if G is compact. We note that the proof of Theorem 3.2 in Runde-Spronk [32] does not carry over to our case, since among other reasons, C-character amenability is defined in terms of bounded approximate identity and φ-means rather than approximate diagonals.
In our proof, we use the following decomposition of B(G) proved by Runde and Spronk in [32, Section 2], which can be considered as a dual version to the decomposition
Lemma 4.1 ([32]) . If G is a noncompact locally compact group, then there are central projections P F , P PIF in W * (G) such that
Theorem 4.2. Let G be a locally compact group. Then the following statements are equivalent:
Proof. If G is compact, then B(G) = A(G) is 1-character amenable (see Example 2.10(b)). Therefore, (i) implies (ii). Obviously, (ii) implies (iii).
It remains to show that (iii) implies (i). Suppose that G is not compact but B(G) is C-character amenable. Note that P F ∈ σ(B(G)). Let Φ F ∈ B(G) * * be any P F -mean. We show that Φ F ≥ 2, which implies that C ≥ 2, completing the proof of the theorem.
Consider the Banach space direct sums
which follow directly from Lemma 4.1(iv). Clearly, P F ∈ A F (G) * and P PIF ∈ A PIF (G) * . If we write
This implies that Φ 1 ≥ 1. Let ω : G → W * (G) be the universal representation of G. Then ω(e) = P F +P PIF is the identity of W * (G) and ω(e), u = u(e) (u ∈ B(G)). Choose u ∈ A(G) such that u(e) = 1. Then u · ω(e) = ω(e). Since A(G) ⊆ A PIF (G) and P F ∈ A F (G) * , we have P F (u) = 0. It follows that
Thus, Φ 2 , P PIF = − Φ 1 , P F = −1 and hence Φ 2 ≥ 1. Therefore, (b) The group G p,n shows that there exists a noncompact amenable locally compact group G such that B(G) is 2-character amenable. On the other hand, for all noncompact locally compact abelian groups G, B(G) ∼ = M ( G) is not character amenable.
5. Character amenability of uniform algebras. We briefly recall the terminology needed in this section. For more details, the reader is referred to Dales [3, Chapter 4] .
Let X be a topological space. A function algebra A on X is a subalgebra of C X that strongly separates points of X for which the A-topology on X coincides with the given topology. A Banach function algebra on X is a function algebra on X which is a Banach algebra with respect to some norm; a uniform algebra on X is a function algebra on X which is a closed subalgebra of (C b (X), | · | X ), where | · | X is the supremum norm on C b (X). A Banach function algebra is called natural if σ(A) = {τ x : x ∈ X}, where τ x is the evaluation functional at x.
Suppose that X is a compact space and A is a unital Banach function algebra on X. The Choquet boundary of A, denoted by Γ 0 (A), consists of all those x ∈ X for which δ x is the unique probability measure µ on X such that f (x) = X f dµ for every f ∈ A. The following theorem relates the character amenability to the Choquet boundary.
Theorem 5.1. If A is a character amenable unital Banach function algebra on a compact space X, then Γ 0 (A) = X.
Proof. Given x ∈ X, τ x -amenability implies that ker τ x has a bounded approximate identity (see [23, Proposition 2.2]). A slight modification of the proof of [2, Lemma 1.6.3] shows that there exist 0 < α < β < 1 such that for each neighborhood U of x, there exists f ∈ A satisfying
It is known that under these conditions, we have x ∈ Γ 0 (A) (cf. [2, Theorem 2.
2.1]).
For uniform algebras A, the condition that x ∈ Γ 0 (A) is equivalent to the existence of a bounded approximate identity of ker τ x (cf. Dales [3, Theorem 4.3.5]), which implies that A is τ x -amenable (see Kaniuth-Lau-Pym [23, Proposition 2.1]). Thus, the Choquet boundary completely characterizes the character amenability of a natural unital uniform algebra. It is perhaps not surprising that the Choquet boundary alone cannot characterize the character amenability of a general Banach function algebra, since the definition of Choquet boundary does not involve the norm of the algebra. For a specific example, let G = SL(2, R) (or any nonamenable locally compact group). Let A(G) # be the unitization of A(G), and G ∞ the onepoint compactification of G. Then A(G) # can be identified with a unital Banach function algebra on By Sheinberg's theorem, it is known that a unital uniform algebra A on a compact space X is amenable if and only if A = C(X) (cf. [3, Theorem 5.6.2]). Recently, Runde [31] showed an operator space version of Sheinberg's theorem when a uniform algebra is equipped with its minimal operator space structure and amenability is replaced by operator amenability. It is natural to ask whether amenability in Sheinberg's theorem can be replaced by character amenability. The following example due to Basener [1, Theorem 3] shows that this is not the case.
For a compact set K ⊆ C, let R(K) be the uniform algebra of all functions on K which are uniform limits of rational functions with poles outside K. Let K be a compact subset of the unit disk D such that the only Jensen measures for R(K) are trivial, and R(K) = C(K) (cf., for example, Stout [37, Section 24] ). Now let
For this Ω K , Basener [1] showed that R(Ω K ) = C(Ω K ). However, given (z 0 , w 0 ) ∈ Ω K , the polynomial P (z, w) = (z 0 z +w 0 w +1)/2 peaks at (z 0 , w 0 ) and hence Γ 0 (R(Ω K )) = Ω K . Therefore, by Corollary 5.2, R(Ω K ) is a char-acter amenable Banach algebra. We remark that since σ(R(Ω K )) = Ω K (cf. Dales [3, Proposition 4.3.12(iii)]), R(Ω K ) = C(X) for any compact space X. Let K be a compact subset of C and let P (K) be the uniform algebra on K consisting of uniform limits of polynomials. It is interesting that for such uniform algebras, the character amenable version of Sheinberg's result holds. We start with a general result that was kindly pointed out to us by the referee.
Lemma 5.3. Let K be a compact subset of C n for some n ≥ 1, and let P (K) be character amenable. Then K has empty interior and is polynomially convex.
Proof. Since P (K) is character amenable, it does not have any nonzero point derivations. Thus K must have an empty interior, since for any w in the interior of K and for any 1
Let K be the polynomially convex hull of K. Then P (K) is isometrically isomorphic to P ( K) (cf. for example [12, p. 27] ; the argument for n > 1 is the same). Therefore, by Theorem 5.1,
That is, K is polynomially convex.
Theorem 5.4. For a compact subset K of C, the uniform algebra P (K) is character amenable if and only if P (K) = C(K).
Proof. The "only if" part of the theorem needs a proof. By Lemma 5.3, K must be polynomially convex and must have empty interior. Hence by Lavrentiev's theorem (cf. [12, Theorem II.8.7] ), we must have P (K) = C(K).
6. Character contractibility. In the final section of this paper, we consider character contractibility of Banach algebras. We start with the following definition.
Definition 6.1. Let A be a Banach algebra and φ ∈ σ(A).
If m is both left and right φ-diagonal, it is called a φ-diagonal .
It is easy to see that if m is a left φ-diagonal and n is a right φ-diagonal, then nm is a (two-sided) φ-diagonal. No direct relation seems to exist between a projective diagonal and a φ-diagonal. However, we will see that the existence of a projective diagonal implies the existence of φ-diagonals for every φ ∈ σ(A). 
Similar definitions hold for right φ-contractible and right character contractible Banach algebras.
A is called character contractible if it is both left and right character contractible.
Theorem 6.3. Let A be a Banach algebra and φ ∈ σ(A). 
Note that the image of δ m 0 is a subset of ker(φ ⊗ φ). Hence, by the assumption, there exists
Conversely, let m be a left φ-diagonal for A, let E ∈ φ M A , and let D : A → E be a continuous derivation. Let x 0 = D(π(m)). It suffices to show that Da = δ x 0 a for all a ∈ A satisfying φ(a) = 1 (since these elements span A). Let a ∈ A with φ(a) = 1. Then
where the last equality holds since π(m)a = π(m · a) = φ(a)π(m) = π(m).
(iii) This is immediate by (i) and (ii). Proof. To prove the necessity of the condition, we note that by Theorem 6.3(ii), A has a left φ-diagonal m ∈ A ⊗ A. If e is a left identity of A, then e − π(m) is a left identity of ker φ.
It remains to prove the sufficiency of the condition. Let e be a left identity of ker φ. Take a 0 ∈ A such that φ(a 0 ) = 1. Then e = a 0 + e − e a 0 is a left identity of A and m = e ⊗ (e − e e) is a left φ-diagonal for A. To verify the last assertion, we note that φ(π(m)) = φ(e) − φ(e )φ(e) = φ(e) = 1 and m · e = m.
Furthermore, if a ∈ A, then a = (a − φ(a)e) + φ(a)e with a − φ(a)e ∈ ker φ. Hence we have m · (a − φ(a)e) = e ⊗ ((a − φ(a)e) − e (a − φ(a)e)) = e ⊗ 0 = 0.
The right side version of the theorem can be proved similarly. Example 6.5. To give an example of φ-diagonals, we consider the Banach algebra A of all upper-triangular 3 × 3 matrices over C. We have σ(A) = {φ 1 , φ 2 , φ 3 }, where
The verification of the following assertions is routine. Let A be a Banach algebra and A op the opposite algebra of A. Every Banach A-bimodule E has a canonical A op -bimodule structure given by a • x = x · a and x • a = a · x (a ∈ A op , x ∈ E). For the definition of higher order cohomology groups of Banach algebras, the reader is referred to Dales [3, p. 274] . The following lemma is well known. Lemma 6.6. For every Banach A-bimodule E and every positive integer n, H n (A, E) ∼ = H n (A op , E)
via the isomorphism T → T o , where T o (a 1 , . . . , a n ) = T (a n , . . . , a 1 ).
Corollary 6.7. Let A be a Banach algebra and φ ∈ σ(A) ∪ {0}. Parts (i) and (ii) are immediate consequences of Lemma 6.6. In (iii) and (iv), the statements for the "left" case follow from the standard reduction of dimension formula H n+1 (A, E) = H 1 (A, (B n (A, E), )) as proved for example in Dales [3, Proposition 2.8.22] . Then the "right" case in (iii) and (iv) follows by applying Lemma 6.6.
Our objective in the remainder of this section is to show that a character contractible commutative Banach algebra is isomorphic to C n for some n ∈ N. We start with a few preliminary results.
We recall that if A and B are Banach algebras and θ ∈ σ(B), then the θ-Lau product A × θ B is the space A × B equipped with the multiplication For more information on these algebras, the reader is referred to [25, 35] .
The following result can be obtained by modifying the proofs of [36, Theorem 2.6 and Proposition 2.8] given for the character amenable case.
Lemma 6.8. Let A and B be Banach algebras and I a closed two-sided ideal of A. In view of Lemma 6.8, the following two results can be proved by simple modifications of the arguments used in the proofs of Lemma 3.3 and Theorem 3.5.
Lemma 6.9. If A is a character amenable commutative Banach algebra, then every ideal of finite codimension in A is character contractible. Theorem 6.10. If A is a character contractible commutative Banach algebra, then A ∼ = C n for some n ∈ N.
Remark 6.11. Theorem 6.10 is not true for noncommutative character contractible Banach algebras, as the example B(H) shows, where H is an infinite-dimensional separable Hilbert space. Another example can be given by using Lemma 6.8(iii). If θ ∈ σ(C n ), then B(H) × θ C n is an infinitedimensional character contractible Banach algebra which has nonempty spectrum. Note that B(H) × θ C n is an infinite-dimensional character contractible Banach algebra whose maximal ideals are of finite codimension; such examples do not exist among contractible Banach algebras (cf. Runde [30, Proposition 4.1.2]).
